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Introduction

» For a plasma (fully ionized gas) containing equal mixture of
Deuterium and Tritium, the Lawson criterion (the power
generated by fusion reactions exceeds the power lost due to
heat transfer to the walls and to radiation) given by:
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nTry > 3 x 1022

* It cannot be said with confidence that the goal of economically
sustainable fusion is possible, but exciting progress has been
made in the past decade.

» Every time we (plasma physicists) believe we understand how
plasma works, nature shows us new and exciting ways in which

we're wrong!
— V.
Current Drive in Tokamaks
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Figure 1: Tokamak Schematic. The toroidal magnetic field is easy

to create with a normal cable running through the center of the

toroid. The poloidal magnetic field cannot be induced the same
way. [1]

 Poloidal field used to contain particles which would otherwise
drift vertically out of the torus.

“How does a twist in the field lines stabilize particle motion? The
stabilization here is somewhat analogous to the stabilization
against gravity of coal particles in a coal slurry in a long pipe by

superimposing on the lonitudinal flow a swirling (poloidal) motion

about the pipe axis.” [1]

» I am interested specifically in the wave-driven current drive
and in the wave modes involved.
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Notations and assumptions

* Tensor quantities will be notated with an underline (such as x)

* First order quantities vary with expli(k - r — wt)]

* The cyclotron frequency (frequency that particles of species s
gyrate about magnetic field lines) is Q, = ¢q.B,/m c

* The plasma frequency (frequency that plasma responds to
charge imbalances) is w2, = 47nq; /m
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The Dielectric Tensor

The dielectric tensor, ¢, is what we will be building towards.

It

Wherejszo's-E:—E R O
4=

E(wak) =1+ sz(w,k)

generalizes the dielectric constant in Maxwell's equations to

anisotropic media, such as a plasma with a magnetic field running
down the z-axis.
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Jell-O Model

Vast number of particles in a fully-ionized gas, model required.

» Choosing T' = 0 allows us to replicate many known plasma wave

H

modes (Alfvén, Langmuir-Tonks, whistlers, cyclotron waves, etc.).

> The plasma can be thought of here as a blob of Jell-O, where
particles are free to wobble about in place as they are
influenced by electromagnetic forces.

Equation of motion for particles of type s:

dv, (8VS
— nSmS
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@ is the fluid stress tensor, which we can set to zero by the zero-
temperature assumption.

Linearizing the equations lets us simplify quantities like B ~
B, + B, + ...

> We also assume that n, and B, = 2B, are finite, static in time,
and spatially uniform. v, j,, and E are all zero to zeroth order.

Notable limit of this model: as no particles can be in motion, no
current can occur here. v, would need to be nonzero, at least for
electrons, for a current to flow.

ow do waves travel in this homogenous, simplified model?
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The important quantities are the ratios of the plasma
frequencies:

wpe

2
wpz-

w Zm,

Wave polarizations can be represented as dimensionless
parameters: “Right” and “Left” polarization, and “Plasma":

8% (@8
R L=17F +
pobEtp  pbF1

The dielectric tensor may then be represented as:

P=1—a/u—a«

S —iD 0 E,
e E=|:D § 0 E,

o o P)\E
1 1 .
S = §(R + L) "Sum”, D = §(R — L) "Difference"

Wave equation: nx (nxE)+e-E=0

~ Where n is the refractive index of the plasma medium at that
angle. [2]
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Nontrivial solutions of this wave equation are when the
determinant of the following equation is zero:

S—n2cos?2 —iD n?cosfsinb
1D S —n? 0
n2 cos @ sin 0 P —n?sin?0

nx (nxE)+e- E= =0

We can represent this as a “quadratic” equation with :
An* —Bn*+C =Cu*—Bu*+ A=0
A = Ssin?6 4 Pcos?
B = RLsin? 0 + PS(1 + cos* 0)
C' = PRL

What can we learn about this before plotting the solution?

u=w/kc=1/n

» Without changing the plasma parameters, () is a function of
only 6.

» For each value of theta, we can get either zero, one, or two
positive roots.

« Because 6 appears either as cos? § or sin? 6, if u() is a solution,
then sois u(—0),u(w — 0), u(d — ).
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The CMA Diagram
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Plotting Wave NOrmal Surfaces \ » These plots are in a a3 phase space now.
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> Green areas represent that the quantity is positive, blue

\

represents negative values.
» Shape of wave-normal surface is topologically changed when «

or g crosses a “bounding surface”.
* Thus, many different “distinct” plasma waves are really special
cases of this generalized analysis.
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4 Conclusions, notes
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* Jell-o model doesn't hold when T = 0. Plasma dynamics then can
be modelled with the Vlasov-Maxwell equations:

8f dr
ot dt

3f
81‘ dt

dp Of
op

= 0 ; Four Maxwell's Equations
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» These plots are created by plotting the roots of »(6) as functions

of theta as a polar plot on the zz plane.

» For a given plasma with parameters o and 3, what is the wave
phase velocity at angle 6 with respect to the direction of the
magnetic field?

> That is the velocity of the “wave normal surface”, and the
question these plots answer!

« Sometimes, a change in parameters completely changes the

* That said, even though € is more complex (pun intended!), the
steps are similar:
1. starting with a distribution function f(¢,x,v)...
2. find the currents for each species j....
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N can be converted into suseptibilities ...
N add to the dielectric tensor e...

N then can be analyzed to find wave modes and a

dispersion relation.
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» Future research: the Bernstein wave is a specific wave mode
which occurs in hot plasmas, and is a promising candidate for

drive. That work is still in progress.
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